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Solution of Two-Dimensional Vorticity Equation
on a Lagrangian Mesh

Stephen A. Huyer* and John R. Grant'
U.S. Naval Undersea Warfare Center, Newport, Rhode Island 02841

A novel, vorticity-based solution methodologyhas been developed to compute unsteady flow pastbodies. Vorticity
is evolved on a set of points, and the vorticity in the remainder of the field is determined by linear interpolation.
Interpolationis accomplished by Delaunay triangularizationof the points in the field. Triangulation of the vorticity
field provides a basis to integrate the vorticity to compute the velocity. Nodal connectivity from the triangularization
also provides a list of the neighboring points that are used to construct a second-order least-squares fit of the
vorticity. First- and second-order spatial derivatives can then be computed based on this polynomial fit. Surface
vorticity on the body is computed to satisfy the no-slip boundary condition and is introduced into the flow via
diffusion. A diffusion transport velocity was derived to account for spatial movement of the vorticity due to viscous
diffusion. The points are advected by the sum of the induced velocity (computed from the Biot-Savart integral)
and the diffusion velocity. The remaining diffusion term includes a form of the Laplacian and is computed directly.
This solution scheme was found to be stable as applied to the problem of impulsively started flow about a circular
cylinder and flat plate. Comparisons with experimental and the Blasius boundary-layer solution for a flat plate
were used to demonstrate the effectiveness of this method.

Nomenclature
Cd = drag force coefficient, 2 Fp,e/ pUZ,
c = flat plate chordlength
d = cylinder diameter
l; = diffusionlength scale, \/4vAr
Re =Reynolds number, U, d/v
t = nondimensional time, U, t/d
U, =nondimensionalfreestream velocity
u = velocity
v = diffusion velocity
¥ = vortex sheet strength
At = nondimensional time step
v = kinematic viscosity
o =nodal source strength
Q  =nodal vorticity amplitude
® = vorticity

Introduction

NCOMPRESSIBLE, unsteady fluid flow can be characterizedby

the instantaneous vorticity field. For cases of flow past bodies,
the vorticity distributionin the boundary layer and wake determines
the characteristicsof the entire flowfield. Most vorticity-basedmeth-
ods are inherently unsteady and are a straightforward approach to
solving these types of problems. This technique utilizes a velocity-
vorticity formulation by taking the curl of the Navier-Stokes mo-
mentum equation to solve for these flow variables on a Lagrangian
mesh. The solution methodology has distinct advantages over tra-
ditional finite difference methods solving the pressure-velocity for-
mulation. The method is grid free, is naturally adaptive to coherent
vortex structures, and is subject to little numerical diffusion. The
use of a Lagrangian mesh allows for the straightforward treatment
of moving surfaces and does not require incorporationof additional
terms due to noninertialreference frames. In addition, multiple bod-
ies are included in a straightforward manner due to the Lagrangian
nature of the application.

The traditional vortex method! describes the vorticity field by
means of isotropic elements or blobs that have a strength that de-
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pends only on distance from their center; a frequently used strength
distributionis the Gaussian.Careful comparison with theoreticaland
experimental data of two-dimensional calculations using isotropic
blobs of uniform size have been reported by Sethian and Ghoniem?
for a backward-facing step. High-resolution computations for flow
pastacylinderhave beenconductedby Koumoutsakosand Leonard?
and Subramaniam* and represent the standard for using blob meth-
ods to compute unsteady flow past surfaces. The original method
has the feature that the identity and locationof neighboringblobs are
not needed to compute the Biot-Savart integral (which determines
the velocity), and so the algorithm for this computation is simple.
Later work (e.g., Ref. 3) typically employs accelerated methods,
for example, the work of Greengard and Rokhlin’ and Strickland
and Baty,(’ to avoid an order N2 calculation (where N is the num-
ber of elements). Even with these elaborations, the simplicity of an
approach based on the traditional method remains attractive.

There remain significant difficulties when applying vortex blobs
to flows past a surface, however. One is that near the surface, the
blob vorticity distribution (a Gaussian) actually penetrates the sur-
face so that a finite value of vorticity is on the inside of the surface.
This can cause problems when computing the boundary conditions.
Another is that, without sufficient overlap of the blobradii, the com-
puted velocity and associated vorticity field will be extremely noisy.
Figure 1 shows the velocity distribution at the surface of a circular
cylinder near the top of the cylinder. At an 80-deg cylinder angle,
the point is just upstream of the top of the cylinder, and at 100 deg,
the point is just downstream. The normal and tangential velocities
are typical of what will be computed to satisfy the no-slip, no-flux
boundary conditions and include the freestream and field vorticity
contributionsonly. A direct comparisonis made between computa-
tions using vortex blobs and the present method using triangularized
vorticity elements. For the blob cases, radii are set so that the blob
overlapis 1.0 or 2.0. As can be seen, the blob method is relatively
noisy compared with the smooth velocity distribution of the trian-
gular elements. The fluctuations decrease as overlap is increased to
2.0 (which is considered standard for blob methods) but can still be
significant. In our method, which will be presented later, the vortic-
ity in the field is piecewise continuous and is linearly interpolated
between points in the field. No overlap of elements is necessary
to maintain a smooth velocity and vorticity field. In contrast, blob
methods rely on a superposition of the blob functions to determine
the field vorticity and subsequent velocity distribution. If sufficient
overlap of the functionsis not maintained, a noisy velocity distribu-
tion can result causing poor satisfaction of the boundary conditions
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Fig.1 Normal and tangential surface velocity distribution from cylin-
der angle = 80-100 deg covering 10 panel locations and 250 points com-
paring blob vs triangularized vorticity methods and blob overlap of 1.0
and 2.0.

and a diverging solution as seen in Fig. 1. This overlap can be very
difficult to maintain, especially near the surface, as the blobs are ad-
vected by the flow. For this reason, most blob methods (e.g., Ref. 3)
employ periodic interpolation of the blob strength onto a regular
grid to maintain the overlap most efficiently in order to avoid noisy
boundary conditions. This can lead to artificial numerical diffusion,
however, and still does not solve the problem of vorticity penetration
into the surface due to the blob function.

Another difficulty with blob methods is the wide range of scales
thatemerge during the evolutionof flows pasta surface. An example
is the anisotropy of the vorticity distributionin a thinboundary layer.
For these cases, the gradient of vorticity in the normal direction is
much greater than that in the tangential direction. This presents an-
other compelling motivation for developing an algorithm not based
on elements of uniform size but one in which the size and shape
of the elements adapt to the local spatial distribution of the vortic-
ity field. Blobs, whatever their size, have a constant radius and are,
therefore, isotropic in nature. For thin boundary layers, anisotropic
elements are desired.

This pointis illustrated by the following calculationsfor the num-
ber of elements required to resolve a two-dimensional laminar flat
plate boundary layer for isotropic and anisotropic assumptions ap-
plied to the point spacing. Let L be the plate length and let 6(x) be
the boundary-layerthickness, where 8(x) =5 +/(vx/Us ). In all of
the calculations we let the elements be placed on an approximately
rectangular grid coveringthe area0 < x < L, 0 < y < 8(x).

First, suppose the boundary layer is to be resolved by elements
of uniform size. To adequately resolve the boundary layer, the point
spacingin the normal directionmust be the same as in the tangential
direction. It can be shown that the number of points required to
resolve the boundary layer depends on the total area of the boundary
layer. If the resolution in the normal directions is defined by M
points, it can be shown that the number of points required to resolve
the entire boundary layer is

3
N ==M*Re;]
For the very modest values M =10 and Re; =1 X10°, N =1.7 X
10° elements; for more realistic values of M =25, Re; =1 X 10°,
we have N =2.1 X 10'2. This numberis large due to the thinnessof

boundarylayernearthe leadingedge of the plate and the requirement
that elements of uniform size be used to resolve the entire boundary
layer. This point is further illustrated by the high-resolution runs
past a circular cylinder conducted by Koumoutsakos and Leonard.?
At the end of their calculation, 3 X 10° blobs were present in the
flow for Re =3 X 10°. For Re =9.5 X 10°, well over 1 X 10° blobs
were used.

Now, suppose the rows of elements are spaced in the streamwise
direction such that the variation of vorticity between neighboring
rows is comparableto the variationin vorticity between neighboring
elements in the normal direction; this distribution could be the goal
of an adaptive distribution of elements for this flow. Again, if M
is the number of rows needed to resolve the boundary layer in the
normal direction, it can be shown that the total number of points
needed to resolve the entire boundary layer is

N=M 1og[(M/5)Ref]/ loglM/(M — 1)]

For the parameters M =10, Re; =1 X103, we have N =400 el-
ements; for the combination M =25, Re, =1 X10°, we have
N =5300 elements. Adaptive distribution of the elements reduces
the number of elements required to resolve the boundary layer to
manageable values. The elements in this last example display a
strong spatial anisotropy, reflecting that of the flow.

Inclusion of the wake of the plate magnifies the penalty paid
by resolving the flow with isotropic elements all of the same size.
Although details of the preceding calculations might be adjusted
to diminish the disparity in the number of elements required for
the respective cases (e.g., beginning the resolution of the boundary
layer farther from the leading edge), the qualitative message re-
mains clear. Additionally, the number of isotropic, uniformly sized
elements neededtoresolveproperly three-dimensionalflow is corre-
spondinglylarger than the two-dimensionalexample here; we recall
the well-known scaling of Re®* for the number of uniformly spaced
points required to resolve the Kolmogorov scales of turbulent flow.

Recognizingthe usefulnessof anisotropicelements, Marshalland
Grant®? introduce an anisotropic blob for use in vortex methods.
However, tests in calculations using this form have not been fully
satisfactory, due to a difficulty in maintaining a smoothly resolved
vorticity field in a fully Lagrangian context. Huyer and Grant'® and
Huyer et al.!'’!? utilize anisotropic rectangular vorticity elements
that adapt to the local anisotropy of the flow. This element geome-
try was shown to be quite useful in solving for unsteady separated
flows past circular cylinders and pitching airfoils. However, noisi-
ness in the numerical data due to overlapping elements and stability
issues for attachedflows appear to limit the engineeringand research
applications of this element.

The work presented here is motivated by considerations such as
those presentedconcerningthe need for anisotropicelements for cal-
culations of complex flows and by the experience gained using the
anisotropic elements just mentioned. In the formulation described
in this paper, the interpolation needed to perform the Biot-Savart
integral for velocity is achieved by a Delaunay triangulation of the
Lagrangian points.!>:* Vorticity is specified at points in the field
and is linearly interpolated through triangulation. This approach is
similarto the method documentedby Russo and Strain,'> who exam-
ined inviscid vorticity fields in the absence of surfaces. It enables
highly anisotropic spatial distributions of vorticity to be resolved
with a much smaller number of points than would be needed us-
ing isotropic elements. Unlike blob methods, there are no concerns
regarding overlap of the elements because the triangularizationpro-
cess guarantees a piecewise continuous vorticity field. This has the
added benefit that the vorticity is defined at the surface and is zero
inside the surface. The triangulation contributes a minimal addi-
tional expense to the calculation, but the preceding estimates for
the number of elements illustrate the potential increase in efficiency
of such a method compared to a traditional vortex method when
complex flows are to be investigated.

This technique directly solves the vorticity equation on a
Lagrangian mesh and was introduced by Huyer and Grant,'®-!7
where unsteady flow past bodies was examined. Computation of the
diffusion term in the vorticity equation requires an accurate calcu-
lation of the Laplacian of the vorticity. In the formulation presented
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here, first and second derivatives are computed by a least-squares fit
of a general quadratic to the neighboring points.®-° The identity of
neighboring points is provided by the triangulation. Thus, the treat-
ment of diffusion further exploits the information provided by the
triangulation, helping to reduce the penalty of computing the trian-
gulation. Diffusion into regions of irrotational flow, where initially
there are no computational points, is accomplished by rewriting the
diffusionterm so that an advectionliketerm appears. This gives rise
to a diffusion velocity (e.g., that of Strickland et al.'®) that is used,
along with the fluid velocity, to transport the points.

Details of the formulation are presented in the next section. Then
the method is demonstrated by computing impulsively started flow
past a circular cylinder as well as boundary layers over a flat plate.
These two disparatetest cases providea stringenttest of the method,
one involving separated flow, the other fully attached flow. Compar-
isons with experimentalresults and Blasius boundary-layerprofiles
are used to validate this technique.

Methods
Surface and Triangular Mesh Geometry

Representations of various geometries are constructed by con-
necting line segments from x-y body coordinates. The number of
desired points is input to represent the body with the points used
to define the surface panels. The line segments on each body form
the base of the surface-layer triangles (constructed via Delaunay
triangularization) used in the volume of the flow. Additional layers
of nodes are placed above the surface and are initially staggered
with the first layer above the panel centroid, the second layer above
the surface nodes, the third layer again over the panel centroid, and
so forth. Each layer is placed above the surface incrementally sepa-
rated by adistanceof 0.5/,. These layers contain the same number of
points used to represent the surface. As the flow is evolved for sub-
sequent time steps, all of the points above the surface are advected.
Figure 2a shows a close-up of the initial triangularmesh distribution
constructedby Delaunay triangularizationfor the cylinder test case.
The resolution is much greater in the normal compared with the
tangential direction reflecting the steeper vorticity gradients in the
normal direction. Consequently, highly anisotropic triangular ele-
ments are seen near the surface. As the cylinder flow develops out to
t =2.0, Fig. 2b shows the resulting triangular mesh. The triangular
elements continue to reflect the gradients in the flow.

In these computations,length was nondimensionalized for a unit
cylinder diameter and unit flat plate chord. Flat plate thickness was
0.05, and the leading and trailing edges were rounded using a 3:1
ellipse.

Satisfaction of the Velocity Boundary Conditions

Each panel on the body surface effectively carries two velocity
generators: a surface vorticity and a potential source distribution.
The sources are needed to ensure that the no-flux boundary condi-
tions are satisfied. Uhlman and Grant'® showed that as the number
of points representing the surface vorticity increases, the strengths
of the sources approach zero. The need for the sourcesis a result of
the finite discretization of the surface vorticity distribution.

Fig. 2a Initial triangular mesh (close-up of top of cylinder).

Fig. 2b Developed mesh at # =2.0 for flow past a circular cylinder.
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Fig.3 Panel geometry.

Nonsingular source and vortex panels were developed with the
source and vortex sheet strengths computed at the nodal points to
enforce the boundary conditions. The panel geometry is shown in
Fig. 3. The source and vortex panels are represented by circulararcs
that connect three consecutive surface nodes and remain nonsingu-
lar. For ease of development, polar coordinates (r, 6) were chosen
with radial and tangential velocities computed at the nth surface
nodal coordinate. Three points,n — 1, n, and n + 1, are required to
determinethe radius of a circle and the circle centroid, x. and y.. We
now desire the velocity at some field point, (x, y) ;. This requires
the integral

Xy — x(s)]

_ [
I(x) _/C f(s)—le gD ds (D

where s is the surface coordinateand f is the surface shape function.
Here, f is chosen such that

f(sn) =1.0, f(snt 1) =0.0

The following function satisfies this in polar coordinates; the inte-
grals are evaluated along 6 for

sin(6, +1 — 0)

) = —— 6, <0=<96,
1O = Gt — 6 .
in(60— 06, _
_Sm0-6-) -, o<y, )
sin(6, — 6,_1)

This function smoothes the source and surface vorticity distribution
along the surface. By defining the shape function in this way, the
singularities normally found at the ends of a standard source panel
are effectively removed. A local coordinate system (p, ¢) is defined
and shown in Fig. 3 so that the unit vector p lies along the x-x.
vector. The unit vectors are defined as
=22 g=1x%p 3)
e — x|
By defining the local coordinate system this way, the local normal
coordinate of the field point g is zero and consequently drops out
of the integral equation. It can then be shown that the integral, ex-
pressed in local polar coordinates, is

I, =pI, +ql,, I, =pI, + 41,

where
O+ 1 (p— R 0)
p cos
I, =R, 0
: gn_lf( )p2+R2—2Rpc059
L = R emf(e) sin 0 6 @)
T “Jo_, p*+ R?>—2Rpcos6

R.,asdefined in Fig. 3, is the radius of the local arclengthformed by
the three consecutivenodal points. When the integral is evaluated at
0, + 1, the function f(0) becomes zero. This property eliminates the
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singularity from the integral expression so that finite velocities are
computed at the nodal end points. The integral may be transformed
back to the global coordinate system so that

1 .
u(x) = =5= 3 [0y + 1,1, (0)7] (5)

n=1

where o, and ¥, are the source and vortex amplitudes for node n of
a body defined by N points.

There are 2N equations produced for the N surface source and
vortex sheet values. Requiring the total velocity (that due to the sur-
face source distribution and the field vorticity) to be zero at each
surface node produces an equivalent number of equations. Mathe-
matically, it can be shown that this is a nonunique set of equations.
Two additional constraints are imposed to make the set of equations
unique. Because the integral of vorticity over a bounded volume is
zero when the velocity vanishes on the bounding surface (no-slip
condition), the integral of the circulation produced by the vortex
sheets over the body surface must be zero. Similarly, the integral of
the surface potential source over the body surface is zero by con-
tinuity. These constraints, integrated over the arclength R. d0 may
be written as

N N
DGR, (G =601 =0, D ¥R, (61— 6_1)=0
n=1 n=1

©)

The matrix solution for the surface strengths is formulated via
Lagrange multipliers so that the integral constraints are met exactly
and that the 2N boundary conditions on velocity are satisfied in a
least-squares sense. The deviation from zero of the velocity at the
control points has always been found to be slight; maximum values
of this deviation for the computations described hereafter are of the
order of 1073 of freestream velocity.

Triangular Vorticity Elements

In the present method, nodal vorticity values are known, and a
linear variation of vorticity between nodal points is assumed. At
each time step, a Delaunay triangularizationroutine is used to form
an unstructured mesh connecting each nodal point, thus forming
triangular elements. Delaunay triangulation effectively optimizes
the R of all triangles constructed from a random distribution of
points. For more detail concerningthe triangularizationmethod, the
reader is referred to the work of Borouchaki and Lo.'* Consider a
single triangular element with vertices located at (xy, y,), (x5, y»),
and (x3, y3). Then, in area coordinates 2°

Ny =(a; + bix + c1y)/2A, Ny, =(ay + byx + c,y)/2A

N3 =(az + byx + ¢3y)/2A (7
where

A =triangle area

a; =X2y3 = X3)2, by =y =y, a=x3—x
similarly for nodes 2 and 3.

The shape function values are then 1.0 at their respective nodes
and 0 at each of the other two nodes. The vorticity over the element

may then be expressed as
o=, N, + N, + (4N, 9

The velocity at a field point f due to an element (from the Biot-
Savart integral) is

u(x) =i/w(x) x X=X 44 (10)
27 J, lx; — x|

This can be rewritten as

1 3
u(x) =—E/Aw(x) XV (tnfle; - 21"]7) a4

=—%/A{v * [w(@)b e, — x[]

—[V Xw@)]lalx, —x|}dA (11)

Using the divergence theorem on the first part of the integral, this
integral is split into two so that

%w(x) X i(x)ba|x, —x|d€

u(x) = —— (12)

2m +/[V X w(x)lbalx — x| dA
A

The area integral can be expressed as

_ > [ (1 — X DF
uale) = {kz::l 4m A ( +(Ve+1 — Yk—l)y> ) (%

where

E(x, s) =/ bolx, —x|dA
A

Here €2, is the nodal vorticity value at the kth node.
The circuitintegral can be evaluated over each leg of the triangle
resulting in an integral of the form

3

1
ue(x) = 5= i XGlx, 0 (14)

k=1

where

i Qk—lNk—l(xf_x)}
G = bolx, —x|d
(x, m /n { £ NGy — ) lx; —x|dn

where 1 is defined as the segment from the £ — 1 to the kth node.

Construction of Derivatives

A useful way to express first- and second-orderspatial derivatives
across scattered points is to constructa least-squares solution for all
of the triangles that intersect a given node. This is accomplished by
expressing the vorticity about a desired node as

 — ay =ax+by+cx2+dy2+exy (15)

and determining the constantsa, b, ¢, d, and e by a least-squares
fit to the values of w at points in the neighborhood. Here, x and y
are referenced to the local node. For triangularizationmethods, the
elements connected to a given node are known, and, therefore, the
nodal points can easily be found. If additional points are needed
to maintain accuracy, the elements that neighbor the elements con-
nected to the desired node are found, and their respective nodes are
included in the list. The nodal points provide the data with which to
constructthe least-squaredfit of the vorticity field. After the second-
order fit of the vorticity is computed, the values of the derivatives
are simply computed at a given nodal point (x =y =0):

0 0
—w =a, @ =b, Vza)
0x

_ o o
oy

=3 + a_yZ =2.0(c +d)

(16)

Computation of Surface Vorticity

As mentioned, surface source and vortex sheet strengths are com-
puted to solve for the no-slip, no-flux boundary conditions. At the
surface, the vorticity (not the vortex sheet strength) is desired. The
appropriate surface vorticity is needed to diffuse the vorticity into
the volume. Therefore, a method is required to transfer the vorticity
confined in the infinitely thin vortex sheet to actual surface vorticity.

The following technique to accomplish this was devised. After
the surface source and vortex sheet strengths are computed, veloc-
ities are computed at each point in the flowfield. The vorticity on
the surface is then determined by taking the curl of the velocity to
obtainw =V Xu at the surface. The new assignment of this surface
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vorticity will then modify the velocity field, but only the triangular
elements connected to the surface will contribute. After the nodal
vorticity is computed, the velocities at the surface are recomputed,
and vortex sheet and source panel strengths are solved again, ensur-
ing the boundary conditionsare met. This iterative process typically
requires only two to three iterations until the maximum vortex sheet
strengthis 1072, The reason this process converges so rapidly is that
fine resolution is maintained near the surface resulting in thin trian-
gularelements. A reductionin velocity contribution from the vortex
sheets is directly correlated with an increase in the velocity contri-
bution due to the modified surface vorticity value. In other words,
there is effectively no change in the overall velocity in the field. The
only change is in the source of the velocity (from vortex sheet to
surface vorticity). Thus, the no-slip boundary condition is satisfied
as much as possible by the surface vorticity alone, and this vorticity
is used to evolve the vorticity field as described in the next section.

Evolution of the Vorticity Field

In inviscid flow, vorticity is transported by the velocity field in
the same way as a material element. This type of flow is very well
suited to Lagrangian mesh formulations, where the mesh points are
transported by the velocity field. When viscosity is included in the
formulation, there is physically an additional mode of transport.
Viscous fluids transport vorticity via diffusion as well as advection.
Rather than introducingnew empty points into the mesh onto which
vorticity may diffuse, we transport the existing mesh points with the
sum of a diffusion velocity and the usual flow velocity. Thus, the
mesh points tend to move from regions of larger vorticity magnitude
to regions of lesser magnitude, according to the diffusive transport
by viscosity.

The diffusion velocity concept has been formulated for vortex
blobs by Strickland et al.'® They begin with the diffusion velocity
method proposed by Ogami and Akamatsu?' and use Fishelov’s®
method to represent the spatial derivatives of vorticity. The vortex
blobs advect with the diffusion velocity, and the blob size changesin
time accordingthe divergenceof the diffusionvelocity.In the present
method, the diffusion velocity may be developed in the same form
as the blob diffusion velocity, but additional terms arise because we
are dealing with the vorticity field as a whole instead of individual
vortex blobs.

In two dimensions, vorticity is a scalar quantity (z-component
only) whose evolution is given by

aa—cto+u-Va)=vV2a) (17)

The concept of diffusion velocity for scalars (i.e., vorticity that is
the dependent variable for two-dimensional flows) is readily devel-
oped. A diffusion velocity v such that the transport v is the same
as the diffusive transportis defined:

vo =—-wWo
Thus, for scalars, the diffusion velocity is
v=—-v/o)Vo = —vV (o) (18)

This is the same form as that developed by Strickland et al.'® Now,
by adding the diffusion velocity advection term to both sides of
Eq. (17) we have

%+(u+v).vw=vvza)+v-Va) (19)

Because V?(bhw) =V?0/ 0 — (Vw)?/»* , the final form of the
equation can be written as

00 L i+ ) -V (law) = W2 (tno) (20)

A semi-implicit scheme was devised to evolve the vorticity anal-
ogous to a Crank-Nicholson type formulation. Typically, 20 iter-
ations are required to converge the solution. We have found that,
for numerical purposes, solving the vorticity equation in terms of
the natural log of the vorticity results in a much better behaved and
more stable equation, especially where large vorticity gradients are

produced. Equation (18) shows that the diffusion velocity becomes
very large as the vorticity becomes small. This is handled by setting
a cutoff for the vorticity,usually for the magnitude of vorticity equal
to 0.001. Another difficulty arises as the vorticity changes sign. As
long as the local vorticity field is exclusively positive or negative,
there is no problem because the constructionof the log of the vortic-
ity magnitude is computed. As the vorticity changes sign, however,
it was found that Eq. (19) is needed to take into account positive
and negative vorticity and is to be used for these special cases. The
magnitude of the vorticity remains relatively small, as do the actual
derivatives, and so the calculation remains stable.
The mesh points are now transported according to the equation

— =u+tv 21
” 2D
The Lagrangian points were advected according to an Adams-—
Bashforth method to maintain second-order accuracy in time. For
the case of uniform time step At and time level n,

=3 v A= 2@ T v T )AL (22)

As the points are continually advected and diffused, the triangles
will deform by stretching or compressing. To maintain spatial res-
olution of the vorticity field, a division algorithm was developed.
The vorticity at the centroid of the triangle is computed using both
the linear interpolation as well as a second-order approximation.
If the difference in vorticity due to the second-order term is 10%
of the linear approximation of vorticity, a new nodal point is added
at the element centroid. The vorticity at this point is the average of
the vorticity amplitudes at each node. To offer additional control on
the number of points in the field, an amalgamationroutine was writ-
ten as well. If points become closer than 0.1 /,;, the nodal vorticity
values are combined in such a way as to conserve total circulation.
Amalgamation was found to be necessary for the viscous diffusion
calculation to remain stable. Penetration of advecting points inside
the body is also not allowed. If a point is advected inside the body,
it is reflected to a position just above the point of entry.

Accelerated Calculation

To increase the resolution of the surface as well as the flowfield, it
was necessary to compute the interactions of a large set of vorticity
elements. The fast multipole method provided a means to compute
the flowfield due to the increased number vorticity elements in rea-
sonable CPU times. A description of the calculation used in this
paper is given by Huyer et al.!' and will be not be repeated here. It
is based on the method presented by Greengard and Rokhlin.’ The
final expression for each velocity component has the form

¥ =33 Bk (23)

n=0m=0

An expression for the far-field influence of all vorticity elements
in terms of a set of coefficients B and local coordinates relative to
the box center 4 and k for each box in the field was thus formulated.
An examinationof the errors due to the fast calculationmethod were
computed. Average and maximum errors in the velocity calculation
(relative to the freestream velocity) were found to be of the order
10™* and 1073, respectively.

Effect of Surface Resolution and Time Step

To estimate the convergence associated with the construction of
the vorticity field and its derivatives, a vorticity distribution was
defined and then discretized and triangulated using the present
method.!®2* The vorticity distribution due to a vortex blob was
modeled using the current method and to provide a test for an exact
solution. The test function is given by Perlman.2* For a coarse rep-
resentation of the vorticity field using 1000 nodes, average errors in
velocity were computed to be 0.4%, 1.15% in the first derivativeand
1.3% for the Laplacian. Average errors decrease asymptotically as
the number of nodal points are increased. For a finer representation
of the vorticity field using 10,000 points, average errors in veloc-
ity are 0.05%, 0.1% in the first derivative and 0.5% in the second
derivative. Defining the typical node spacing / as the area divided
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Fig.4 Effect of surface resolution and time step on the computed drag
coefficient for a circular cylinder at Re =3 X 10°.

by the square root of the number of points and ¢ as the error, the
scheme’s order of convergence =d(fne)/d(bnh) for the velocity is
1.0; for the first derivative it is 2.0, and it is 1.0 for the Laplacian.
This test then gives an indication of the number of points required
to represent a spatial region of vorticity.

The effect of surface grid resolution and time step was also exam-
ined for flow past a circular cylinder out to # =3.0. This effect was
gauged using the drag coefficient. Figure 4 plots the drag coefficient
for surface resolution of 90, 180, 360, and 720 surface points for a
time stop of 0.005 and a time step of 0.02, 0.01, 0.005, and 0.0025
for a surface resolution of 180 points. A surface resolution of 90
points is insufficient to characterize the initial drag well, and the
solutionis very noisy. Doubling the surface points to 180 providesa
much smoother solution. An even better representationis provided
by 360 points, and little improvementis seen for 720 surface points.
A time step of 0.02 displays an initially oscillating solution. As At
is decreased to 0.01, the solution is smoother but is improved for
At =0.005. For At =0.0025, there is little improvement.

In the cylindercalculations, 360 surface points were used, and for
the flat plate calculations, 200 surface points were used. A time step
of 0.005 was used in all test cases. The Reynolds number was set to
3 %X 10 for the cylinder based on the diameter. Flat plate Reynolds
numbers of 1 X 103, 3 X10%, and 1 X 10* were examined based on
chord. Initially, 200 surface nodal vorticity values and nine layers
of 200 nodes were present at the first time step on each surface for
a total of 2000 nodes for the case of the flat plate. The cylinder
test case used 360 surface points and nine initial layers for a total
of 3600 points on the first time step. Test runs were carried out to
a time of 3.0 for the cylinder and 4.0 for the flat plate test cases.
At the end of the cylinder calculations, 24,000 points resulting in
approximately 48,000 elements were used. This is significantly less
that the 300,000 blobs used by Koumoutsakos and Leonard® for
their calculations.

Timing Considerations

All computations were performed on the Cray C-90 at the Naval
Oceanographic Office at Stennis Space Flight Center, Mississippi.
Figure 5 shows comparisons of CPU time required to compute the

250 - Triangles vs. Blobs
—&—Direct(tri)
200 | —+&—Indirect(Tri)
—a—--Total(tri)
——Direct{blobs}
| —m—Indirect(blobs)
—e— Total(blobs)

pury
o
(=]

CPU Seconds
o
o

50 4

50000 100000 150000 200000

Number of Elements
Fig. 5 Timing runs for the field velocity calculation due to the field

vorticity only; accelerated calculation compares computational times
for the triangular elements and blobs.

velocity as a function of the number of elements for the direct cal-
culation of nearby elements, indirect calculationinvolving far-field
contributions, and sum of the two. In addition, runs using vortex
blobs alone are also shown to provide a comparison with the tradi-
tional vortex method and the present method. Because the acceler-
ated calculationisused, CPU time as a functionof elementnumberis
approximately linear. In addition, above 100,000 elements, the time
required for the indirect calculation is approximately 20% greater
compared with the direct part of the calculation. What is somewhat
surprisingis the relatively small penalty paid for computationsusing
triangles vs blobs. The blob calculationrequired only 4% less time
relative to the total computational time required compared with the
triangle calculation. The reason for this is that the full Biot-Savart
integral over the triangle [Egs. (12-14)] is only computed at points
in close proximity to the element. Four-point Gauss integration is
used for elements separateda medium distanceto the field point,and
one-point Gauss integrationis used for the farthest points in the di-
rect calculation. This method significantly reduces the penalty paid
for the velocity calculation. It is also admitted that this accelerated
method is not optimized compared with other methods reported.
The total velocity calculation for 200,000 points requires 237 CPU
seconds. By comparison, Koumousatkos and Leonard® report that
1-min CPU times are required for 1 X 10° points on a Cray-YMP. A
combination of their accelerated calculationand the present method
(which requires significantly fewer points) would provide a most
efficient algorithm indeed.

CPU time required for the triangulation is relatively small for
the present method. For 200,000 triangular elements, the CPU time
required to constructthe mesh is 13.7 s, which is approximately 5%
of the total velocity calculation. Even this is not fully optimized, and
faster triangulation schemes have been reported.* Construction of
the connectivity of the points and formulation of the derivatives for
the semi-implicit formulation requires approximately 0.5% of the
total calculation for each iteration in the semi-implicit formulation
at 15,000 points. Because the cost of computing the derivatives
is linear as a function of the number of points (half the number
of elements), the relative cost of this computation decreases with
increasing number of points.

Results

Flat Plate

Unsteady flow developmentpast a flat plate at zero incidence was
examined to validate the method for attached flow test cases. Flow
past a flat plate was first computed by Blasius (see Ref. 25), and the
solution is well known and has been experimentally verified. For
flow past a flat plate, the boundary-layer solution of the flowfield
is self-similar and scales as a function of local Reynolds number.
Figure 6 shows the unsteady flow development past the flat plate
for a Reynolds number of 3 X 10%. For this case, the entire flow
including the wake is shown. The vorticity field is plotted with
black regions representative of negative (clockwise) vorticity and
gray areas representing positive vorticity. Plotting the field in this
way allows for visualizationof the vortex structures. As can be seen,
at t =0.5, the initial boundary layer about the flat plate appears to
be developed. At ¢ =1.0, initial rollup of the Karman vortex street
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Fig.8 Flat plate boundary-layer profiles for Re =3 X 10° and ¢ =1.5-
4.0.

is seen to occur approximately 0.25 chord lengths downstream. At
this point in the calculation, there is little quantitative or qualitative
change in the boundary layer over the flat plate as time progresses.
In the wake from # =2.0 to 5.0, development of the Karman vortex
street can clearly be seen. As the vortex structures are advected
downstream, the vorticity contained within the structures begins to
diffuse as the vortices expand and begin to lose circulation.

Figure 7 shows a comparative picture of the instantaneous vor-
ticity field at # =4.0 for Re =1 X 10,3 X 10°, and 1 X 10*. As the
Reynolds number increases, the thickness of the boundary layer de-
creases. In addition, for Re =1 X 10°, there is a very weak rollup
of the shed vorticity with little evidence of coherent vortices form-
ing until far downstream. In contrast, there is almost an immediate
rollup of the shed vorticity into a well-defined Karman vortex sheet
for Re =1 X 10*.

Figure 8 shows the boundary-layerprofiles for Re =3 X 10° taken
at the midchord location for various times ranging between 1.5 and
4.0. These profiles are plotted with the velocity scaled by the edge
velocity u/ U, on the abscissa and the nondimensional boundary-
layer parameter n(y U, /+/2vx) on the ordinate. These variables give
the self-similarboundary-layersolution for laminar boundarylayers
for all Reynolds numbers. The Blasius solution is also plotted as a
reference. This plot shows that the unsteadyboundary-layervelocity

Table 1 Flat plate boundary-layer average
and maximum errors (X107~ 2)

Reynolds number

1 %103 3 %103 1 %10
Chord Avg Max Avg Max Avg Max
0.3 0.45 0.96 0.18 0.29 0.94 1.78
0.5 0.66 1.45 0.12 0.26 0.79 1.38
0.7 1.70 3.04 0.58 0.97 0.58 1.46

profiles change very little after t =2.0 and compare favorably with
the Blasius solution. In effect, a steady boundary-layerflow has been
reached with the only unsteadiness in the flow found in the wake
due to the rollup of the shed vorticity.

Figure 9 shows the boundary-layerprofiles for Reynolds numbers
of 1 X103,3 x10% and 1 X 10* at chordwise stations of 0.3c, 0.5c,
and 0.7c. As can be seen, all three sets of boundary-layer profiles
agree with the Blasius curve, and all appear to be self-similar. Of the
three, it appears that Re =3 X 10° has the overall best fit. For both
Re =1 X 10° and 1 X 10*, the computed boundary layer is qualita-
tively thinner, exhibitingslightly higher Reynolds number behavior.
Table 1 shows the maximum and average error between the com-
puted solution and the Blasius solution. Errors were computed for
200 values of nequally spaced between 0.0 and 3.0 and are shown
as the absolute difference between the computed and Blasius solu-
tion. Table 1 shows that the average error in velocity is a maximum
0f 0.0304 for Re =1 X 103 at x/c¢ =0.7. Errors appear minimal for
Re =3 % 10° and, overall, appear greatest for Re =1 X 10°.

Cylinder

Figure 10 shows the unsteady flow development around a cylin-
der from time # =0.5 to 4.0. Similar to Figs. 6 and 7, the vorticity
field is plotted. Black regions represent negative (clockwise vor-
ticity), and positive (counterclockwise) vorticity is indicated with
gray. Very light gray to white regions suggest regions of minimal
vorticity. The scale displays vorticity values in the range of *+25.
Although maximum vorticity magnitudes in the field are as high as
300.0, it was found that this scale allowed for optimal visualiza-
tion of the vortex structures. At t =0.5, a thin region of negative
vorticity is seen on the upper surface with positive vorticity on the
lower surface. Although it cannot be seen in this plot, a very thin
layer of opposite-signedvorticityis present from the rear stagnation
point, midway up the aft cylinder surface. Initiation of the opposite
sign vorticity was seen at approximately t =0.22. By ¢ =1.0, ini-
tial rollup of the vorticity sheet is seen. In addition, a secondary
vortex of opposite signed vorticity is seen on the upper and lower
surfaces. By 1 =2.0, the flow appears fully developed. By r =3.0,
the vortices are extended into the wake, and the feeding sheets of
vorticity appear to lose strength. Also, these sheetsinitially coalesce
upstream of the primary vortices. By  =4.0, it appears that the pri-
mary vortices have translated slightly upstream. In addition, there
appears to be significant asymmetry in the flow on the upper surface
compared with that of the lower surface. It is at approximately this
point where alternate vortex shedding begins.

Figure 11 shows an enlargement of the unsteady flow at  =2.0.
Figure 11 clearly demonstrates the formation of a pair of coher-
ent primary vortices in the wake region of the cylinder. Secondary
vortices close to the cylinder wall are formed as well due to the
reverse flow velocities of the primary vortices. Tertiary regions of
vorticity and fourth regions may be seen as well. Figures 10 and 11
demonstrate how the method spatially resolves the flowfield.

Wake definition parameters of the primary vortices were mea-
sured for the length of the separated wake region as well as the lo-
cation of the vortex structures. These geometrical parameters were
experimentally measured by Bouard and Coutanceau ¢ Using their
definition, x/D indicates the location of the primary vortex core
relative to the cylinder rear stagnation point. L/D is defined as the
point where the wake streamlines close and can be approximatedas
the point where the streamwise velocity changes sign from positive
to negative. Note that y/2D is defined as the distance between the
two primary vortex cores scaled by twice the cylinder diameter.
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Fig. 9 Flat plate time averaged boundary-layer profiles for Re =
1x10%,3 xX10°,and 1 X 10*.

/\ 25
.
Vorticity

t=1.0

\.

\_de

t=2.0
L J
\
/
t-3 0
K’ -
' \
t=4.0

Fig. 10 Unsteady flow development about a cylinder for Re =3 X 10
and ¢ =0.5-4.0.

Fig. 11 Instantaneous flow at #=2.0 shown with definition of wake
geometry parameters.

Figure 12 shows a plot of these experimental measurements and
compares them with the present numerical simulation. Numerical
data agree quite well with the experimental results. It does appear
that the calculation slightly underestimates the streamwise position
of the vortex core as well as the length of the wake region during
the initial flow development from ¢ =1.0 to 2.0. From ¢ =2.0 to
3.0, it appears that the flow development that previously lagged
comes into full development, and better agreementis seen between
numerical and experimental results. During the later stages of flow
development,it appears that the vertical positions of the vortices are
less for the numerical simulation.

Figure 13 shows a plot of the streamwise velocity along the
cylinder centerline from the rear stagnation point to 2.5 cylin-
der diameters (referenced from the aft cylinder stagnation point)
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parison with the vortex blob methods of Koumoutsakos and Leonard?
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downstream. Streamwise velocity was computed to demonstrate
the magnitudes of the reverse flow region aft of the cylinder and
provide comparisons with experimental data. Symbols display the
experimental measurements of Bouard and Coutanceau,’® whereas
the solid lines display the numerical results. Agreementappears sat-
isfactory for times of 0.5 and 1.0. At 7 =1.5 and 2.0, the magnitude
of the reverse flow appears to be underestimated by the numerical
solution. For = 2.5 and 3.0, it appears that increased circulation
results in increased reverse flow velocities with better agreement
seen with the experimental data.

Surface pressure was computed using the expression derived by
Uhlman.” The integrated surface pressure and viscous skin friction
yielded the drag coefficient that is plotted in Fig. 14. To provide a
comparison, the drag coefficient computed by Koumoutsakos and
Leonard® is presented. Subramaniam® obtained essentially identical
results in Cd. In their>* and other traditional vortex blob methods,
drag coefficient is computed from the momentum defect caused
by the time rate of change of the complex moment of circulation.
There is excellent agreement during the initial flow startup between
0.0 and 1.0, especially for the initial drag well seen at ¢t =0.3. The

slope of the increase in Cd beginning at t =0.5 correlate quite
well. Between f =1.0 and 2.0, our method predicts an initial hump
at t =1.5 and maximum Cd value of 1.5 at t =1.95 where the
traditional method predicts a small hump at # =1.25 and maximum
of 1.42 at t =1.85. Both methods agree relatively well especially
considering the radically different computational methods used.

Discussion and Conclusions

A solution methodology based on direct solution of the vorticity
equation on a Lagrangian mesh has been presented. It is inher-
ently unsteady and able to automatically adapt to the local vorticity
field resolving coherent vortex structures where necessary. A sur-
face geometry is specified using surface source and vortex sheets.
The surface vorticity is then calculated as the curl of the velocity
field, and an iteration scheme is used to minimize the strength of
the vortex sheets so that the boundary conditions are satisfied by
the surface vorticity alone. Viscous diffusion transfers the vorticity
off the surface into the flow. Vorticity is specified at points, and the
field is triangularized. Integration of the vorticity over the triangles
determines the velocity field. Derivatives were computed using a
second-order least-squares fit of the local field variables. This nu-
merical scheme was then validated by examining the unsteady flow
development past a flat plate and circular cylinder.

The calculation was able to faithfully reproduce the laminar flow
over a flat plate for the Reynolds numbers examined (up to 1 X 10%).
Accuracy was gauged with comparison to the standard Blasius lam-
inar boundary-layer profile, which has been verified extensively
through experiments over the years. The computed boundary layers
were self-similar in nature and scaled with chordwise location as
well as Reynolds number. Agreement was best for Re =3 X 10°,
where maximum relative error in local velocity was 1.4%. Inter-
estingly, mismatch of boundary-layer profiles from computation to
theory showed that the boundary layers were skewed toward higher
Reynolds number behavior. For computations,one might expect the
profiles to be skewed toward a lower Reynolds number due to pos-
sible artificial diffusion effects. This suggests that the Lagrangian
vorticity method produces little artificial numerical diffusion due
to the vorticity being moved with the local flow, with no need to
explicitly compute the advection term.

Flow pastacircularcylinderis inherentlymore complex due to the
separation of the surface vorticity. The separated vortical structures
produce secondary, tertiary, and even quaternary vortices due to
the flows proximal to the surface. The computational algorithm was
able to reproducethe finer details of the unsteady flow. Although not
shown, qualitative comparisons of the unsteady flow development
shown in Figs. 10 and 11 were consistent with the experimental
flow visualization conducted by Bouard and Coutanceau?® This
included qualitative agreement with the finer structures produced.
Experiments and computations both showed the tertiary vortices
formed as the primary vortex spawned the secondary vortex that
produced the tertiary vortex.

Quantitative comparisons were made between vortex core and
wake geometries and the centerline streamwise wake velocities. In
both cases, good agreement was found. Comparisons between the
calculation and experimental values showed similar flow develop-
ment up to t =1.0. By r =1.5, the computed streamwise vortex
position and length of the vortex wake lagged behind those pro-
duced experimentally. By t =2.0, these flow quantities were recov-
ered, and good agreement between calculation and experiment was
found. The effect of lagging vortex position at # =1.5 and 2.0 is
demonstrated by the centerline velocity plots. Here, maximum cen-
terlinereverse flow velocities were underpredictedby the code. This
would be a consequence of immature vortex development. As time
progresses, the vortex pair builds up circulation so thatby t =2.5
and 3.0 good agreement between experimental and computational
flow velocities is reached.

Subramaniam* compared his numerical results of the centerline
streamwise wake velocities with experiments as well as several nu-
merical vortex methods. In these comparisons, the numerical results
underpredicted the maximum reverse flow velocitiesat t =1.5 and
2.0 but recovered by ¢+ =2.5. The reason for the consistent discrep-
ancy between two-dimensional numerical calculations and experi-
ments is not clear.
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Numerical results from the present method compare very well
with results obtained from Koumoutsakos and Leonard® and
Subramaniam.* These researchersused high-resolutionvortex blob
methods to obtain their results. For flow past a cylinder at Re =
3 X 103, Koumoutsakos and Leonard used on the order of 300,000
points. Our calculation effectively performed the same job using
only 24,000 points at # =3.0. This demonstrates the ability of our
method to account for the inherent flow anisotropy, especially near
the surface. The penalty we pay is for a more complex integral
formulation that only slightly increases CPU time per point. Addi-
tional penalties are Delaunay triangularizationof the vorticity field
and construction of derivatives for the semi-implicit scheme. These
penalties sum to less than 10% of the total computationaleffort and
are small compared with the velocity calculation. By contrast, the
diffusion scheme developed by Subramaniam* required as much
CPU time as the velocity calculation.

Baseline calculations of the flow past a cylinder and flow past a
flat plate demonstrate that the code can compute both separated and
attached flows. It was unnecessaryto changethe scheme or approach
to compute these two disparate test cases. The ability to compute a
wide range of flows is a major objective of this research. Although
not presented, the code also has the ability to compute flows past
multiple bodies and to compute unsteady flows for bodies moving
relative to one another?® A significant advantage of this formulation
is its ready extension to three dimensions. Results of some initial
results have been reported for inviscid vortex ring problems as well
as viscous unsteady flow produced by unmanned undersea vehicle
bow thrusters.
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